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Abstract. We propose an arithmetic McKay correspondence which relates 
suitably defined zeta functions of some Deligne-Mumford stacks to the zeta 
functions of their crepant resolutions. Some examples are discussed. 



1. Introduction 

Let X be an orbifold (smooth Deligne-Mumford stack) with coarse moduli space 
A = \X\ and let it : Y — > A be a crepant resolution. As suggested by string theory 
on orbifolds [6] [18] , invariants of Y should coincide with suitably defined orbifold 
invariants of X when X satisfies the Gorenstein condition. This is often referred to 
as the McKay correspondence in the mathematical literature. See Reid |Tlj for an 
exposition of some examples for classical invariants, e.g. Euler numbers, cohmomol- 
ogy groups, K-theory and derived categories, etc. The correspondence between the 
Gromov-Witten invariants of Y and the orbifold Gromov-Witten invariants of X is 
called the quantum McKay correspondence. For example, the Crepant Resolution 
Conjecture of Ruan [14] states that the small orbifold quantum cohomology of X 
is related to the small quantum cohomology of Y. There have recently appeared 
much work and some generalizations of this conjecture, see e.g. [3] [20] and the 
references therein. 

The McKay correspondence and the quantum McKay correspondence are usually 
considered over the field of complex numbers. It is very natural to consider their 
arithmetic versions by considering good reductions X(W q ) over a finite field ¥ q . 
Motivated by the Weil Conjecture and McKay correspondence, we will define an 
orbifold zeta function Z or t>(X,t) and conjecture that 

(1) Z* b (t)=Z Y (t), 

where Z Y (t) is the zeta function of Y. We will refer to this equality as the arithmetic 
McKay correspondence. We will provide some examples in this paper. 

During the preparation of this work, we notice that Rose [13] defines an /-adic 
cohomology version of the Chen-Ruan cohomology ring and defines an orbifold 
cohomological zeta function using the orbifold arithmetic Frobenius action. He 
makes a similar conjecture using his zeta function. 



2. Arithmetic McKay Corresondence 

2.1. Zeta functions of algebraic varieties. Let k — ¥ q be the finite field with 
q elements, and let k be its algebraic closure. Suppose that A is a scheme of finite 
type over k, and let X := X Xspecfc Specfc. For every integer r > 1, denote by 
N(X(W q r)) the number of F g r-rational points of X. Define the zeta function of A 
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by 

(2) Z x (t)=e XV C£N(X(V qr )) t l). 

r>l 

By the Weil Conjecture [J], for X a smooth projective variety of dimension n over 
k = Fg, the zeta function Z x (t) has the following properties: 

(a) (Rationality) Z x (t) is a rational function of t: 

(3) Z*(t) = 



x , _ Pi(t)P 3 {t) ■ P 2n -i(t) 



P (t)P 2 (t) ■ ■ ■ P 2n (t) ' 

where P (t) = 1 - i, P 2n {t) = 1 - g n t, and for 1 < i < 2n - 1, P<(i) is a 
polynomial in Z[t], 

(b) (Betti numbers) If X is obtained from the reduction of a projective variety 
Y over C, then one has for 1 < i < 2n — 1 

(4) deg P i (t)=b i (Y), 

where bi(Y) is the i-th Betti number of Y. 

(c) (Functional equation) Let x(X) be the self-intersection number of the di- 
agonal A C X x X. Then Z x (t) satisfies the following equation: 

(5) zX (^r) = ±q nxiX)/2 t xm Z x (t). 

q n t 

(c) (Analogue of the Riemann hypothesis) The polynomials Pi{t) can be writ- 
ten as: 

bi 

(6) P i (t) = l[(l-a ij t), 

3=1 

where the a^'s are algebraic integers with \aiij \ = q 1 ^ 2 . 
Some of these properties also hold for singular varieties. 

2.2. Zeta functions of Gorentstein Deligne-Mumford stacks. Let X be a 

smooth Deligne-Mumford stack with coarse moduli space X over ¥ q . Denote by 
IX = JJ. IiX its inertia stack, where each IiX is a connected component. Suppose 
that q is coprime to the order of the automorphism group of each object in X . Then 
one can define the age function age : IX — > Q. We say X is Gorenstein if the age 
function takes integral values. 

For a smooth Gorenstein Deligne-Mumford stack X over F q , define 

(7) N orb (X(¥ q )) = J2q aKc(MX)) N(\I t X\(W q )), 

i 

where \UX\ is the coarse moduli space of Ii(X). Define the orbifold zeta function 
Z orb (X) by: 

(8) Z^ rh {t)=^C£N orb {X)^-). 

r>l 

This zeta function contains information about the orbifold Betti numbers of 
X(C) by the Lefschetz trace formula for Deligne-Mumford stacks [2]. 
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2.3. Arithmetic McKay correspondence. Suppose that X is a smooth Goren- 
stein Deligne-Mumford stack X over F q , such that there is a crepant resolution 
7r : Y — > X — \X\, then we conjecture that: 

(9) N orb (X(¥ q )) = N(Y(¥ q )), 
and so 

(10) Z* b (t) = Z Y (t), 

when q is coprime to the order of the automorphism groups of objects in X. We will 
refer to this equality as the arithmetic McKay correspondence. By the Lefschetz 
trace formula for Deligne-Mumford stacks [2J, we also conjecture that the smooth 
cohomology H*(X sm ,Qi) of X is isomorphic to the etale cohomology H* t (\X\,Qi) 
of the coarse moduli space \X\, and the arithmetic Frobenius actions on these 
spaces can be identified. We hope our conjecture sheds some light on the results of 

[B Elm on. 

3. Some Examples 

3.1. The case of Kleinian singularities. It is well-known that the binary poly- 
hedral groups G C SL(2) are finite algebraic groups. For their realizations and 
invariants see [T5]. We will now verify the arithmetic McKay correspondence for 
the stacks [A 2 /G]. The coarse moduli space |A 2 /G| has a Kleinian singularity: 

(11) Cyclic group xy = z n , 

(12) Binary dihedral group x 2 + y 2 z + z n+1 = 0, 

(13) Binary tetrahedral group x 2 + y 3 + z A = 0, 

(14) Binary octahedral group x 2 + y 3 z + z 3, = 0, 

(15) Binary icosahedral group x 2 + y 3 + z 5 = 0. 

Now I[A 2 /G] has k twisted components, each has only one object and each is of 
age 1, where k is the number of nontrivial conjugacy classes. Therefore, 

(16) iV orb ([A 2 /G](F g )) - N(\k 2 /G\(¥ q )) + kq. 

On the other hand, the minimal resolution |A 2 /G| is a crepant resolution, and the 
exceptional divisor is a nodal curve with k components which are isomorphic to P 1 ; 
furthermore, there are exactly k — 1 nodal points. Therefore, 

N(\^/G\(¥ q )) = N(\A 2 /G\(¥ q ))-l + kN(P\¥ q ))-(k-l) 
= N(\A 2 /G\(¥ q ))-l + k(q + l)-{k-l) 
= N(\A 2 /G\(¥ q )) + kq. 
Hence by comparing with (|16p . we have 

(17) N(\A*/G\(¥ q )) = N orb ([A 2 /G](¥ q )). 
We conjecture that 

(18) N(\A^G\(¥ q )) = N orb ([A 2 /G](¥ q )) = q 2 + kq, 
i.e., N(\A 2 /G\(¥ q )) = q 2 , and so 

(19) zltl /G] (t) = Z^(t)= ' 



4 



JIAN ZHOU 



We can check the following cases. For the cyclic group case, the equation 

xy = z n 

clearly has q 2 solutions in F 2 . Indeed, for z — 0, we have 2q — 1 solutions: x = 0, 
y 6 ¥ q arbitrary or a; G F*, y = 0; for z G F* we have (q — l) 2 solutions: y, z G F* 
arbitrary and 

.x = -* n . 

y 

For the binary tetrahedral group case, when 3 — 1), there is a unique solution 
to each equation y 3 = a (a G F g ) because F* is a cyclic group of order q — 1. 
Therefore, we can take x, z G F g arbitrary, and take ?/ to be the unique solution 
to y 3 = —x 2 — z A . Similarly, in the binary icosahedral case, when 3 /\{q — 1) or 
5 j({q — 1), the equation x 2 + y 3 + z 5 — has q 2 solutions. 

3.2. The case of Georenstein singularities in dimension 3. Let G C SL(3) 
be a finite group. They have been classified over C by Miller et al. [TUj- For 

the crepant resolution |A 3 /G| of |A 3 /G| in the complex case see Roan [12] and 
the references therein. We expect that it is possible check the arithmetic McKay 
correspondence using explicit constructions of the crepant resolutions. For example, 
let act on A 3 by multiplication by £3, a primitive root of unity of order 3. There 
are two twisted sectors, one with age 1 and one with age 2. Therefore, 

(20) N orb ([A 3 /^ 3 ](¥ q )) = 7V(|A 3 /Z 3 |(F g )) + q + q 2 . 

The exceptional divisor of the crepant resolution of | A 3 / /Z3 1 is P 2 , therefore, 

(21) N(A^ 3 (¥ q )) = N(\A 3 /^\(¥ q ))-l + N(¥ 2 (¥ q )) = N(\A 3 / fi 3 \(¥ q )) + q + q 2 . 
Hence we get: 

(22) N orb ([A 3 /^ 3 ](¥ q )) - N(A^ 3 (¥ q )). 

For another example, let a generator of ^5 act on A 3 by the diagonal matrix 
diag(£5,£!,£f). Then [A 3 /^ 5 ] has four twisted sectors, with ages 1, 1, 2 and 2, 
respectively. Therefore, 

(23) N orb {[A 3 / f i 5 ](¥ q )) = N(\A 3 /Z 3 \(¥ q )) + 2q + 2q 2 . 

The exceptional divisor of the crepant resolution of | A 3 / /i, 5 1 is a copy P 2 glued to a 
copy of the Hirzebruch surface P(Opi © (Dpi (3)) along with a copy of P 1 , therefore, 

7V(A^T 5 (F g )) 

= N(\A 3 /^ 5 \(¥ q )) - 1 + N(¥ 2 (¥ q )) + N(¥(O p i © P i(3))(¥ q )) - N(P\¥ q )) 
= 7V(|A 3 / Al5 |(F g )) - 1 + (1 + q + q 2 ) + (1 + qf - (1 + q) 
= N(\A 3 /fi 5 \(¥ q )) + 2q + 2q 2 . 

Here we have used the following fact: For a fiber bundle X — » B with fiber F over 
W q , we have 

(24) N(X(¥ q )) = N(B(¥ q )) ■ N(F(¥ q )). 
Hence we get: 

(25) N orb ([A 3 /^ 5 ](¥ q )) = JV(AV^(F,)). 
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Similar to the two dimensional case, we conjecture the following equality 

(26) N(\A 3 /G\(¥ q )) = q 3 
holds for a finite group G C SL(3). 

3.3. Symmetric products and Hilbert schemes of algebraic surfaces. Let 

X be a smooth projective surface defined over F q . Denote by X^ = \X n / S n \ 
the n-th symmetric product of S and by the Hilbert schemes of O-dimensional 
subscheme of length n. According to Forgarty [7], the Hilbert-Chow morphism 
7r : X^ — > iW is a crepant resolution. The components of I(X n /S n ) are pa- 
rameterized by partitions /i := l 1 ™ 1 • ■ • n m ™ of n, where mi, . . . , m n are nonnegative 
integers such that 

n 

m,;i = n. 

i=l 

Denote by xjt this component. It is isomorphic to n™=i^ m ^j with age := 
E?=i m *(* " 1) ( see e -S- M)- According p. 196], 

OC CXD r 

N(XW(F q ))t n = Z x (t) = expJ2 N ( X ( ¥ ^))-- 

71—0 r—1 

Therefore, we have 

OO 

Y,Q n Nor b (X^(W q j) =J2Q n Y,q a »N(Xjr\F q )) 

n—0 n>0 fj,\-n 

oo n 

= j2q h e <7 E "= im,(i " i) n 7v ( x(mi) ( F 9)) 

OO OO OO 

= IT E (q i - 1 QT i N(x^(F q )) = l[z x (q i - l Q). 

i—l mi— i=l 

The key technical result in [5] is (Lemma 2.9 on p. 203): 

OO OO 

(27) ^g"A^(A["](F 9 )) = rjz x (^- 1 g). 

n=0 t=l 

This is equivalent to the arithmetic McKay correspondence in this case: 

N orb (X^(F q )) = N(X^(F q )). 

Suppose that Y is a projective surface acted on by a finite group G such that 
the singularities of \Y/G\ are Kleinian singularities. Let it : X — > Y be its crepant 
resolution. Now the wreath product group G n acts on Y™ and we have a crepant 
resolution jN _> \Y n /G n \. The inertia stack of [Y n /G n ] is described in [H 
§2.1], and the ages are computed in [TBI §3-2]. It is straightforward to combine 
Gottsche's result and the results for Kleinian singularities in ij3.ll to verify the 
arithmetic McKay correspondence in this case: 

N orb (\Y n /G n \(F q )) = N(XW(F Q )). 

The details are left to the interested reader. 

Acknowledgements. This research is partially supported by two NSFC grants 
(10425101 and 10631050) and a 973 project grant NKBRPC (2006cB805905). 



6 



JIAN ZHOU 



References 

V. Batyrev, N on- Archimedean integrals and stringy Euler numbers of log-terminal pairs, J. 
Eur. Math. Soc. 1 (1999), no. 1, 5-33. 

K. Behrend, The Lefschetz trace formula for algebraic stacks, Invent. Math. 112 (1993), no. 
1, 127-149. 

J. Bryan, T. Graber, The crepant resolution conjecture, to appear in Algebraic Geometry — 
Seatle 2005 Proceedings, |arXiv:math. AG 70610129] 

P. Deligne, La conjecture de Weil. I., Inst. Hautes Etudes Sci. Pub. Math. 43 (1974), 273-307. 
J. Denef, F. Loeser, Motivic integration, quotient singularities and the McKay correspon- 
dence, Compositio Math. 131 (2002), no. 3, 267-290. 

L. Dixon, J. A. Harvey, C. Vafa, E. Witten, Strings on orbifolds, Nucl. Phys. B 261 (1985), 
no. 4, 678-686. 

J. Fogarty, Algebraic families on an aigebraic surface. II. Picard scheme of the punctual 
Hilbert scheme, Am. J. Math. 96 (1974), 660-687. 

L. Gottsche, The Betti numbers of the Hilbert scheme of points on a smooth projective 
surface, Math. Ann. 286 (1990), 193C207. 

E. Lupercio, M. Poddar, The global McKay-Ruan correspondence via motivic integration, 
Bull. London Math. Soc. 36 (2004), no. 4, 509-515. 

G. A. Miller, H . F. Blichfeld, L. E. Dickson: Theory and applications of finite groups, John 
Wiley and Sons. Inc. (1916). 

M. Reid, La correspondance de McKay, Seminaire Bourbaki, Vol. 1999/2000. Asterisque No. 
276 (2002), 53-72. 

S.-S. Roan, Minimal resolutions of Gorenstein orbifolds in dimension three, Topology 35 
(1996), no. 2, 489-508. 

M.A. Rose, Frobenius action on l-adic orbifold cohomology, arXiv:math/0701213 
Y. Ruan, The cohomology ring of crepant resolutions of orbifolds, in Gromov- Witten theory 
of spin curves and orbifolds, 117-126, Contemp. Math., 403. Amer. math. Soc, Providence, 
RI, 2006. 

T.A. Springer, Invariant theory, Lect. Notes Math. Vol. 585. Springer- Verlag, Berlin-New 
York, 1977. 

W. Wang, J. Zhou, Orbifold Hodge numbers of the wreath product orbifolds, J. Geom. Phys. 
38 (2001), no. 2, 152-169. 

T. Yasuda, Twisted jets, motivic measures and orbifold cohomology, Compos. Math. 140 
(2004), no. 2, 396-422. 

E. Zaslow, Topological orbifold models and quantum cohomology rings, Commun. Math. Phys. 
156 (1993), no. 2, 301C331. 

J. Zhou, Delocalized equivariant coholomogy of symmetric products, arXiv:math/9910028 
J. Zhou, Crepant resolution conjecture in all genera for type A singularities, arXiv:0811.2023 



Department of Mathematical Sciences, Tsinghua University, Beijing, 100084, China 
E-mail address: jzhouOmath.tsinghua.edu.cn 



